Abstract. We establish some sufficient conditions for the profinite and pro-p completions of an abstract group G of type F P m (resp. of finite cohomological dimension, of finite Euler characteristic) to be of type F P m over the field
Introduction
In this paper we study a relation between cohomology and homology of a group G and continuous cohomology and continuous homology of its profinite and pro-p completions. The importance of such a study was observed by J.-P. Serre, who introduced the notion of a good group [17] . A group G is good if for every i ≥ 1 the natural map G → G induces an isomorphism Generally it is hard to check which groups are good. It is known that free groups, surface groups and a succession of extensions of finitely generated free groups are good [17, Chapter 1 §2.6 Exercise 2) (b)]. Recently it was proved that Bianchi groups are good [9] . However the answer to the classical question whether the mapping class groups are good is not known. Arithmetic groups that do not have the congruence subgroup property are not good. One of the main results of this paper (Theorem A) states that an orientable Poincaré duality group G of dimension 3 whose pro-p completion G p is infinite and all open subgroups of G p have deficiency 0 is always p-good.
Our methods apply to a quite general class of completions G C = lim ←− G/U of an abstract group G, where the inverse limit is taken over a directed set C of normal subgroups of finite index in G. In section 2 we discuss some sufficient conditions for several important homological invariants of G (the homological type F P m , the Euler characteristic, the cohomological dimension) to be preserved in the completion G C . Our sufficient conditions involve the inverse limits lim ←− H i (U, F p ) over U ∈ C. Our main applications are for the class of Poincaré duality groups of dimension 3, but many results hold beyond this class of groups. We have tried to state the results in their most general forms and treat profinite and pro-p completions (Theorem 3.2 and Theorem 4.1), still the results seem to be stronger when pro-p completions are studied. In section 3 we require that G is a group of cohomological dimension 3, and for every subgroup U of finite index H 3 (U, F p ) F p for a fixed prime p, or in some results it will be sufficient that H 3 (U, F p ) F p or 0. In both sections 3 and 4 it is assumed that the profinite completion of G has an infinite Sylow p-subgroup or the pro-p completion of G is infinite depending on whether we study profinite or pro-p completions. But we do not require that G is a residually finite group or a residually finite p-group.
In the preliminaries we discuss profinite Poincaré duality groups at a prime p together with other important notions such as Euler p-characteristic and deficiency. Our main results for pro-p completions of orientable Poincaré duality groups of dimension 3 are the following theorems established in section 4 Remark. If G is non-orientable but p = 2, then Theorem B still holds if we delete the condition orientable in b).
Theorem C. Let G be an orientable Poincaré duality group of dimension 3. Assume that for a fixed prime p the profinite completion G has an infinite Sylow p-subgroup and that every normal subgroup U of finite index in G has finite abelianization. Then G is an orientable profinite Poincaré duality group of dimension 3 at p.
In section 5 we discuss more corollaries. Except for Proposition 5.1 from section 5 we do not suppose that G is finitely presented. It is an open question whether there is an abstract Poincaré duality group of dimension 3 that is not finitely presented. But for any n ≥ 4 there is a Poincaré duality group of dimension n that is not finitely presented [5] .
Throughout this paper p always denotes a fixed prime number. If not otherwise stated Ext and T or are the functors of abstract modules (even if applied to completed group rings). For a group G we denote by G p , G and G C the pro-p completion, the profinite completion and the inverse limit lim ←− G/U over U ∈ C. If not stated otherwise all modules considered are right modules.
Remark. The authors have just learned that Th. Weigel has found independent proofs of Corollary 4.2 and a weaker version of Theorem C under the additional hypothesis that the pro-p completion of G is infinite. We thank him for sending his preprint [21] .
1. Preliminaries 1.1. Type F P m for abstract and profinite modules. We recall the notion of type F P m for modules and groups. Let G be an abstract group and B a Z[G]-module. For 0 ≤ m ≤ ∞ we say that B is of type F P m if there exists a projective 
with all R i finitely generated for i ≤ m. One says that G is of homological type
The following simple lemma will be used many times in this paper. 
In particular T or 
1.2. Abstract and profinite Poincaré duality groups. There are two (equivalent) ways to define an abstract Poincaré duality group. In this paper we will mainly use Farrell's approach [7] , i.e. G is a Poincaré duality group of dimension n if G is a group of type F P ∞ , of cohomological dimension cd(G) = n and [19] , [14, 3.4.6] . The definitions differ in that one requires that H be of type F P ∞ over Z p and the other does not. Still we do not know an example that satisfies the conditions of [14, 3.4.6] and is not of type F P ∞ over Z p . In this paper we adopt the approach of [19] .
In [19] the profinite duality groups H at p of dimension n are defined as groups of cohomological p-dimension cd p (H) = n, of type F P ∞ over Z p (in [19] groups of type F P ∞ over Z p are called of type p-F P ∞ ) and
is 0 for k = n and for k = n is p-torsion free. 
X is a minimal set of generators and R is a minimal set of relations for H such that R is a subset of a free pro-p group with basis X. Note that the cardinality of X and R is dim
Furthermore if f : F → H is an epimorphism of pro-p groups such that F is a free pro-p group of finite rank, then def (H) is the rank of F minus the minimal number of generators of Ker(f ) as a closed normal subgroup of F . Let G be an abstract group of finite cohomological dimension and of type F P ∞ . The Euler characteristic χ(G) is defined by 
is a projective resolution of Z as an abstract Z[G]-module of finite length and with all projective modules R i finitely generated, then
Since every R i is a finitely generated projective module, there is a free finitely generated
Z is a direct summand of the finite rank free abelian group
It is easy to see that χ(G) = 0. Indeed for an abstract orientable Poincaré duality group G 0 of odd dimension n we have that
Since G has a subgroup G 0 of index ≤ 2 which is an orientable Poincaré duality group, one has 0 = χ(G 0 ) = (G : G 0 )χ(G) and therefore χ(G) = 0. For a profinite group H of finite p-cohomological dimension cd p (H) and type F P ∞ over Z p , we define the Euler characteristic of H at p as
Then for a finite length profinite projective resolution S of the
whose all projective modules are finitely generated
As in the abstract case rk
If H is a pro-p group the Euler characteristic χ(H) is defined as χ p (H).
Completions of abstract groups of type F P m
Let G be an abstract group of homological type F P m over the ring Z for some m ≥ 1, in particular G is finitely generated. Then there is a projective resolution of the trivial right
with all R i finitely generated for i ≤ m. Let C be a set of normal subgroups U of finite index in G such that C is directed in the sense that if
We define G C as the inverse limit of G/U and
As G is of type F P m every subgroup of finite index in G is of type F P m , in particular every U ∈ C is of type F P m . This implies that H j (U, F p ) is finite for every j ≤ m.
Let R be the inverse limit of the inverse system of complexes {R U } U∈C . Observe that
where upper index (m) denotes the m-skeleton of the complex (i.e. all modules and homomorphisms up to dimension m). In dimension −1 the above isomorphism follows from the fact that G C is topologically finitely generated, say by
Denote by { ∂ i } i≥0 and { R i } i≥0 the differentials and the modules of R. By [20, Thm. 3.5.8] for every i there is an exact sequence
Since G is finitely generated the set of all normal subgroups of finite index in G is countable, so we can replace C by a totally ordered countable cofinal subset without changing the inverse limits above. By [20, Exer. 3.5.2] or the main result of [8] lim ←− 1 of a tower (i.e. an inverse system indexed by a totally ordered countable set) of finite dimensional vector spaces over a fixed field is 0. Applying this for the finite dimensional vector spaces
Note we have proved the following lemma. 
Lemma 2.1. There is an isomorphism of abstract
We prove by inverse induction on i that Im( ∂ i ) is of type F P m−i for all 0 ≤ i ≤ m, and the case i = m is obvious as R m is F P 0 (i.e. finitely generated). As Im( ∂ 0 ) = F p the case i = 0 is exactly what we want to prove.
By b) applied to the short exact sequence (3) for j = i, Ker( ∂ i−1 ) is of type F P m−i . Note that R j is an abstract finitely generated projective 
Then the following conditions are equivalent :
Proof. c) implies b) is obvious and b) implies c) is Lemma 1.1 b). All modules considered in the rest of the proof are abstract 
where α 1 , α 2 are the inclusion maps, and the map β is induced by ∂ i 0 +1 . Applying dimension shifting argument [1, Prop. 1.4] (part (a) of the proof of Theorem 2.2) for the short exact sequences corresponding to the complexes (4) and (5) we get that
(note the latter holds even for i 0 = m − 1) and
By (6) and dimension shifting (this time we use both (a) and (b) from the proof of Theorem 2.2) for the short exact sequence 0 → Im(
By (7) and (8) the items a) and b) are equivalent.
Theorem 2.5. Suppose that G is an abstract group of type F P ∞ and finite cohomological dimension, and C is a directed set of normal subgroups U of finite index in G. Suppose further that for a fixed prime p and for all
Then for all m ≥ 1 and i ≥ 1
In particular G C is of type F P ∞ over Z p .
Proof. Let R be a projective resolution of Z as an abstract Z[G]-module such that R has finite length and all projective modules are finitely generated. By Lemma
. The long exact sequence in homology for the short exact sequence of abstract
0 for all i ≥ 1. It follows that for every m the complex
Let P be the inverse limit of the tower of exact complexes {P (m) } m≥1 . By [20, Thm. 3.5.8] the complex P is exact and by construction 
Proof. Let R be a projective resolution
with all R i finitely generated for i ≤ m. Let R be the complex obtained from the inverse limit procedure at the beginning of section 2, i.
To prove a) we note that if there is an exact complex of abstract 
(M, N ) = 0 for every simple N (or similarly with Ext).
This, applied in the special case i 0 = m for the exact complex of abstract 
shows that F p has finite projective dimension as an abstract
has a projective resolution as an abstract
hence Im( ∂ i 0 +1 ) has finite projective dimension. Finally consider the short exact sequence of If 
The following corollary follows from Theorem 2.6 b) and Theorem 2.5.
Corollary 2.7. Suppose G is an abstract group of finite cohomological dimension cd(G) = m and type F P ∞ . Let C be a directed set of normal subgroups U of finite index in G. Suppose further that for a fixed prime p and for all
1 ≤ i ≤ m lim ←− U ∈C H i (U, F p ) = 0.
Then the profinite group G C is of finite cohomological p-dimension cd p ( G C ) ≤ m, is of type F P ∞ over F p and over Z p , and its Euler p-characteristic χ p ( G C ) = χ(G).
Remark. Corollary 2.7 can also be deduced from [17, Complements, p.15] using the Lyndon-Hoschild-Serre spectral sequence.
Groups of cohomological dimension 3
3.1. Pro-C completions. In this subsection we study pro-C completions of groups of cohomological dimension 3 with some additional properties, where C is a class of finite groups closed for subgroups, quotients and extensions. In this case our directed set C is a set of subgroups of G that defines the pro-C topology on G.
Often we would suppose that the pro-C completion of G has an infinite Sylow p-subgroup for some prime p. Note that the profinite completion of a finitely generated linear group has an infinite Sylow p-subgroup for every p. This follows from the Lubotzky's Alternative; see p. 390 in [13] . For U ∈ C denote by U C the inverse limit of U/V over those V in C that are subgroups of U . Denote by H i ( U C , F p ) the continuous i-th homology of the profinite group U C with coefficients in F p (i.e. calculated using projective resolution of Z p in the category of profinite Z p [[ U C ]]-modules). Note that if G C has an infinite Sylow p-subgroup, then C contains F p , and hence C contains any finite p-group.
Proposition 3.1. Let p be a fixed prime, and let G be an abstract group of cohomological dimension 3 and of type F P ∞ . Furthermore for every U ∈ C either
H 3 (U, F p ) F p or H 3 (U, F p ) = 0 .
Assume that the profinite group G C has an infinite Sylow p-subgroup. Then for any projective resolution R of Z as an abstract Z[G]-module such that R has finite length 3 and finitely generated projective modules,
Proof. Since U is finitely generated (because G is), [U, U ]U p has finite index in U , so by [15, Prop. 3 
As the continuous homology commutes with inverse limits (see Proposition 6.5.7 in [15] ) we get that
In particular, by Lemma 2.1
In 
since it is the multiplication by |U 2 /U 1 |. Here Res F p ) is the restriction map, called transfer map in [20, Lemma 6.7.17] . By [20, 6.3.9 ] the restriction map is the composition F p ) , where the last isomorphism is the one given by the Shapiro lemma. As U 2 has cohomological dimension 3 the long exact sequence in homology for the short exact sequence 0 → F p → Ind
gives an exact sequence F p ) , and the injectivity of Res
In particular the map H
3 (U 2 , F p ) → H 3 (U 2 , Ind U 2 U 1 (F p ))
is injective and the restriction map Res
is an isomorphism. Finally since Cor
As G C has an infinite Sylow p-subgroup, infinitely many of the corestriction maps in the inverse limit used to calculate lim
Theorem 3.2. Suppose the hypothesis of the preceding proposition holds and the homomorphism
induced by the canonical homomorphism U → U C is an isomorphism for all U ∈ C.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Then a) T or
b) the profinite group G C is of type F P ∞ over F p and over Z p and has coho-
Proof. Let R be a projective resolution of Z as a Z[G]-module
with finitely generated projective modules and
is an isomorphism for all U ∈ C, and by Lemma 2.1
Combining this with Proposition 3.1 we have 0
with all modules finitely generated and 
and (a) is proved.
To finish the proof of item (b) we observe that
Finally Theorem 2.5 completes the proof of item (c).
3.2.
More on pro-p completions. We shall need the pro-p version of a wellknown result for discrete groups. 
is the deficiency of U p .
Proof. We claim that ϕ U is surjective. Indeed let F be a finite rank free group with a normal subgroup R such that U F/R. Then by a p-version of the Schur multiplier formula [13, Lemma 16.4.3, p . 370] U p cannot have finite abelianization, hence U cannot have finite abelianization, a contradiction. Then def ( U p ) = 0, and ϕ U is an isomorphism.
and again using Lemma 3.4
Assume that the pro-p completion G p is infinite and that the homomorphism
Proof. Parts a) and b) are particular cases of Theorem 3.2 applied for the set C of all normal subgroups U of p-power index in G.
To prove c) consider
a projective resolution of the trivial Z[G]-module Z with all modules finitely generated. By part a) Then for every finite p-primary discrete G-module M the natural homomorphism
Proof. We aim to prove that for the set C of all normal subgroups U of finite index in G
Note that every U ∈ C satisfies the assumptions of Corollary 3.7 except that the pro-p completion of U can be finite. By Corollary 3.5 a) the map ϕ U :
where U p is the pro-p completion of U . Hence for all U ∈ C and C U the set of all subgroups V of U of p-power index such that V is normal in G,
be the injective homomorphism whose restriction on
, and is zero otherwise. Note that θ induces an injective homomorphism
hence (9) holds. Now (9) and Proposition 3.1 combined with Lemma 2.1 show that the hypothesis of Theorem 2.5 is satisfied. Applying it for the set C of all normal subgroups U of finite index in G, T or 
4. Poincaré duality groups of dimension 3 4.1. Pro-C completions. As in Subsection 3.1 in this subsection we are concerned with pro-C completions of groups of cohomological dimension 3, where C is a class of finite groups closed for subgroups, quotients and extensions. So our directed set C in this subsection is a set of normal subgroups of G that defines the pro-C topology on G and so the pro-C completion 
Then we can apply Theorem 3.2 to obtain that cd p ( G C ) ≤ 3 and all the other statements except cd p ( G C ) = 3. It remains only to show this equality.
There is a subgroup G 0 of index ≤ 2 in G such that G 0 is an orientable Poincaré duality group of dimension 3, and if G is orientable G 0 = G. Since C is extension closed and by assumption if G = G 0 we have Z/2Z ∈ C and [G : G 0 ] = 2, the closure of G 0 in G C coincides with ( G 0 ) C . Thus it suffices to prove the result for
b) Let G 0 be as in the proof of part a). Let
be a projective resolution of the trivial right Z[G 0 ]-module Z with all modules finitely generated (it exists since G 0 is of type F P ∞ ). Then 
Furthermore as U is an orientable Poincaré duality group of dimension 3 we have
Then by Lemma 3.4 ϕ U is an isomorphism. This completes the proof. 
for A an open subgroup in V p , in particular there is no upper bound on the deficiency of the subgroups of finite index in G p . Suppose that c) holds. Again using the fact that the abelianization of V p has
as a quotient we see that V p has a quotient isomorphic to Z p . Suppose that there is an upper bound on the deficiency of the subgroups of finite index in G p ; then case b) does not hold and the minimal upper bound is 1. By Lemma 3.4 and Corollary 3.5b) the kernel of the map
is a F p -vector space of dimension def ( U p ) = 1, where U is any normal subgroup of G of p-power index such that U ⊆ V .
Let C be the class of all subgroups of G of p-power index. As the inverse limit of H 2 ( U p , F p ) over U ∈ C is 0 and the inverse limit is a left exact functor, the inverse limit of H 2 (U, F p ) is isomorphic to the inverse limit of the kernels of ϕ U . As Ker(ϕ U ) is a vector space over F p of dimension at most 1, the inverse limit 
is exact, where
is a projective resolution of the trivial Z[G]-module Z with all modules finitely generated. Then the proof of Theorem 4.1b) implies that G p is a pro-p Poincaré group of dimension 3 (the condition that ϕ U is an isomorphism does not hold in our case but in the proof of Theorem 4.1 this condition was used only to deduce that R is exact in dimension 2). Then the subgroup U p of finite index in G p is again a pro-p orientable Poincaré duality group of dimension 3, and hence has deficiency 0 not 1, a contradiction. Thus
-module (any continuous action of a pro-p group on F p is trivial). Furthermore by Proposition 3.1 
Consider the dual complex
T is not exact, otherwise again using the proof of Theorem 4.1b) G p is a pro-p Poincaré duality group of dimension 3, a contradiction. Then T has only one non-trivial homology group isomorphic to F p that would be in dimension 2 if Z was positioned in dimension −1 and T was a chain complex, not a cochain complex, so in our case it is the first cohomology
Observe that
The last isomorphism follows from the fact that the partial complex [18] ), hence a surface group by [6] . As V does not contain a free subgroup of rank 2 the surface group is Z × Z or Z Z with action of Z on Z given by multiplication with −1. Then V and its pro-p completion V p are soluble groups, a contradiction with the fact that V p has a closed free pro-p subgroup of rank 2. Proof. If a) does not hold by Corollary 4.3 there is a normal subgroup V of p-power index in G such that V maps surjectively to Z. As G is of type F P 2 any subgroup of finite index is F P 2 ; in particular this holds for V . By the main result of [2] a group of type F P 2 that maps surjectively to Z is an HNN extension with finitely generated base and associated subgroups.
